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A LINEARIZED THEORY OF VISCO-PLASTICITY

J, B. HADQOW

University of Alberta, Canada

Abstract-A linearization of the constitutive equations for an incompressible visco-plastic solid is obtained from
a complementary function based on the Tresca yield condition. The strain rates given by the linearization are
independent of the intermediate principal stress. An analysis of the bending of a simply supported circular plate
is given as an application.

INTRODUCTION

IT has been suggested by Hill [1] that the unifying concept in the mechanics of solids is
that of a convex function and in this investigation a convex function, the complementary
function, is used to develop a linearized theory of visco-plasticity. Hill [1] has shown that
extremum principles and uniqueness theorems can be obtained for a solid if two convex
functions, the work function and the complementary function, exist for the solid.

Let (jjj and eij be the components, with respect to rectangular axes OXj, of the stress and
strain rate tensors respectively. The work and complementary functions are given byt

and

respectively, and their sum,

is the rate of energy dissipation per unit volume. The stress and strain rate components are
obtained from E and Ec as follows,

8E
(j .. =-

I) ~,

ueij
(la, b)

where the partial differentiations are with respect to the eij and (jij each taken as nine
independent variables. If the medium is incompressible Ec is independent of (jkk and (jij

is replaced by the stress deviation Sjj in equations (1). According to equation (lb) the vector,
in stress space, that represents the components ofstrain ratet is parallel to the normal to the
surface of constant Ec at the corresponding stress point.

t The usual summation convention for a repeated letter suffix is used.
t The components of strain rate are multiplied by a scalar constant to obtain the dimensions of stress.
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Simple examples of work and complementary functions are those for the Newtonian
liquid,

(2)

(3)

and

E = SijSij = !-.
e 41l 21l

where I = 2eijeij and] = (l/2)sijsij are invariants of the strain rate and stress deviation
tensors and Il is a coefficient of viscosity. The constitutive equations for the Newtonian
liquid may be obtained from (2) or (3) by using (I) are

Sij

eij = 21l.

Equation (3) is a special case ofa complementary function

Ee = f(]), (4)

where f(]) denotes a function of the invariant]. The strain rates obtained from (4) by using
(Ib) are

(5)

(6)

Constitutive equations of the form (5) have been applied to creep problems [2].
In principal stress space, with the principal stresses 111,112and 11 3, taken as rectangular

Cartesian co-ordinates, a surface ofconstant E e given by (3) or (4) is a circular cylinder with
its axis passing through the origin and with direction cosines [1/(J3), 1/(J3), 1/(J3)J.

A Bingham solid [3] has the following constitutive equation for a state of simple shear
stress 1112 = 1121,

21le12 = <1-111~21)1112
where Il is a coefficient of viscosity, K the yield stress in pure shear, and the angle brackets
have the significance,

<F) = 0 for F < 0
F for F ~ 0

Prager [4Jhas generalized equation (6) for arbitrary states of stress, and the solid described
has as limiting cases the von Mises perfectly plastic solid and the Newtonian liquid. This
solid has the following work and complementary functions,

and

E = ~I +K(,jI) if 1-# 0 (7)

(8)
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(9)if I =F 0

where K is the yield stress in pure shear for the Mises yield condition. The constitutive
equations obtained from (7) and (8) by using (1) are

Sij = 2(1l+ YI)eij
and

(10)eij = L(1-5J) sij.
The work function (7) is equal to half the rate of viscous energy dissipation plus the rate of
plastic energy dissipation per unit volume and the complementary function (8) is equal to
half the rate of viscous energy dissipation per unit volume. A surface of constant Ee given
by (8) is also a circular cylinder in principal stress space.

LINEARIZED THEORY

The yield surface of a Tresca plastic solid is a regular hexagonal prism in principal
stress space and may be regarded as a piecewise linear approximation for the cylindrical
von Mises yield surface. Similarly, families of cylindrical surfaces of constant Ee can be
approximated by families of hexagonal prisms obtained from a continuous complementary
function with piecewise continuous derivatives. For example the complementary function
(3) for a Newtonian liquid can be approximated by

Ee = (O"max - O"min)
2/(61l) (11)

where O"max and O"min are the maximum and minimum principal stresses. Figure 1 shows the
intersections, in principal stress space, of a plane 0"3 = const. and surfaces of constant Ee ,

given by (3) and (11).

E =_J_ = CONST.
c 21'-

(Eqn.ll)

""1

FIG. I. Surfaces of constant E, for viscous liquid.

According to (lb), ifE e is given by (ll)and the stress point lies on a flat of the correspond­
ing Ee surface, the strain-rate vector in principal stress space is normal to the flat. Conse­
quently if the three principal stresses are distinct,

eint = 0 (12a'
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(12b)

where e max ' eint and emin are the maximum, iIit.:rmediate and minimum principal components
of strain rate. Ifthe stress point lies on a corner of the corresponding Ee surface given by (11),
that is if two of the principal stresses are equal, the strain rate vector in principal stress space
is not uniquely determined and may take any direction in the fan enclosed by the normals
to the two intersecting flats at the corner. The complementary function (11) is equal to
half the rate of energy dissipation per unit volume consequently the strain-rate vector
corresponding to a stress point on a corner of the Ee surface must satisfy the requirement
that the rate of energy dissipation per unit volume is the same for all admissible directions
of the strain-rate vector. For example, referring to Fig. 1, the principal components of
strain rate e1, e2 and e3corresponding to the stress point B are given by

e1 = t(a 1-a3}'(3jl)

e2 = (1- t)(a2 - ( 3)/(3jl)

where t may take any value in the closed interval 0 ~ t ~ 1. The approximation (11) for the
complementary function (3) gives strain rates (12) that are not influenced by the intermediate
principal stress and this is a simplification similar to that obtained by adopting the Tresca
yield condition and its associated flow rule for a rigid plastic solid. Venkatraman and Hodge
[5] have used a generalization of the stress-strain rate equations (12) to analyse creep in
circular plates.

Prager [4] has noted that if a Newtonian liquid, a perfectly plastic von Mises solid
and the visco-plastic Bingham solid with constitutive equations (9) and (10) are subjected
to the same strain rate the stress in the Bingham solid is obtained by adding the stresses
in the Newtonian liquid and the Mises solid. A visco-plastic solid such that for a given strain
rate the stress is the sum of the stresses in a Tresca rigid perfectly plastic solid and a viscous
liquid with its complementary function given by (11) is now considered. This visco-plastic
solid has the following complementary function

Ee = (amax-amin-2k)2/(6/l) (13)

where k is the yield stress in pure shear for the Tresca yield condition. The complementary
function (13) may be regarded as an approximation for (8). Figure 2 shows the intersections,
in principal stress space, of a plane a3 = const. and surfaces of constant Ee given by (8)
and (13). If the stress point lies on a flat of the corresponding Ee surface given by (13) the
principal components of strain rate obtained from (1 b) are

einl = O. (14a)

If the stress point lies on a corner the strain rates are obtained in the same manner as (12b).
For example, referring to Fig. 2, the principal components of strain rate corresponding to
point Bare

e1 = t(a1 -a3-2k)/(3/l)

ez = (1-t)(a2- a3- 2k )/(3jl) (14b)

where t may take any value in the closed interval 0 ~ t ~ 1. The complementary function
given by (13), like that given by (8), is equal to half the rate of viscous energy dissipation
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E =(..JJ-K)2 =CONST.
c 2,..

(Eqn.13)

TRESCA YIELD LOCUS

YIELD LOCUS

"'1

FIG. 2. Surfaces of constant Eo for visco-plastic solid.
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per unit volume. The rate of energy dissipation per unit volume in terms of the stresses is

.. (amax - amin)(amax - ami" - 2k)
~= 3p.

and in terms ofthe strain rates is

where leml is the magnitude of the numerically largest principal component of strain rate.
The equation obtained from (14a) for a state of simple shear stress a12 = a21 is

(15)

Equation (15) is of the same form as equation (6), consequently the constitutive equations
(14) are a valid generalization of the constitutive equation of a Bingham solid in simple
shear.

Prager [6] has presented a different linearization of equations (10) which is based on a
piecewise linear yield condition. When the Tresca yield condition is adopted the strain
rates given by Prager's linearization are not always independent of the intermediate
principal stress, but the constitutive equations of a Newtonian viscous liquid are obtained
as a special case if the yield stress is zero.

BOUNDARY VALUE PROBLEM

Bending ofa thin simply supported circular plate with a uniformly distributed transverse
load is considered.

Let r, e, z be cylindrical co-ordinates with the z-axis directed vertically downwards.
The plate occupies the region - h/2 ~ z ~ h/2, 0 ~ r ~ a, and is loaded with a uniformly
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distributed transverse load of intensity p acting in the z-direction. The equilibrium equation
IS

(16)

where M r and M o are the radial and circumferential principal components of bending
moment and the principal curvature rates K r and Ko of the middle surface are given byt

1 dw

r dr
(17a, b)

where w is the rate of deflection in the z-direction.
Since the plate is simply supported and symmetrically loaded, M r = M o > Oat r = °

and the boundary conditions are

Mr(a) = 0, w(a) = 0,
dw
-(0) = 0.
dr

(18a, b, c)

Also M r , M o, wand dw/dr are continuous throughout the plate.
Hopkins and Prager [7] have shown that the collapse intensity of loading if a Tresca

rigid perfectly plastic plate is considered is

6Mo
Pe=7

where M 0 = kh 2/2. Consequently flow of a visco-plastic plate, with its initial yielding
governed by the Tresca yield condition, occurs if P > Pe. Figure 3 shows the yield locus for
such a plate in terms of the principal bending moments M r and Mo. When p = PC' for a
Tresca rigid plastic plate, stress regime C-B (Fig. 3) applies for the entire plate with
regime C for the edge r = a and regime B for r = 0. For visco-plastic flow the stress point
lies outside the hexagon ABCDEF and it will be assumed that M o > M r ~ 0, for p < r ~ a
and M o = M r > °for °~ r ~ p, where p is a radius to be determined. Venkatraman and
Hodge [5] have shown for the corresponding creep problem that this assumption is
justified because of conditions (18a, c) and equation (16) and the reasoning used is also
valid for the visco-plastic problem.

For the stress regimes of interest in the problem the complementary function expressed
in terms of the principal bending moments is

Ee = (1/2A)(Mo-Mo)2

Ee = (1/2A)(Mr -Mo)2

if M o ~ M r

if M r ~ M o

(19)

where A is a coefficient of viscosity. The moment-eurvature relations are obtained from
(19) and the flow rule,

aEe

K r = oM'
r

t Bending moments and curvatures are assumed positive if they correspond to compression on the surface
z = -h/2.
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FIG. 3. Yield locus for circular plate.
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(21a, b)

which is the form that (lb) takes when expressed in terms of the principal moments, and are

AXr = 0 } p ~ r ~ a (20a, b)
AKe = <Me-Mo>

AKr = (1- t)(Mr-Mo>}O
~r~p

AKe = t<Me-Mo>
where t takes values in the closed interval 0 ~ t ~ 1. At r = p, t = 1 since Ke is continuous.

For the following analysis it is assumed that P > Pe.
Integration of equation (20a) and condition (18b) give

w=A(a-r) p~r~a (22)

where A is a constant of integration.
Substitution of the curvature rate obtained from equations (17b) and (22) into equation

(2Gb) results in,

AA
Me = -+Mo p ~ r ~ a. (23)

r

If equation (23) is substituted into the equilibrium equation (16) and the resulting equation
is integrated using the boundary condition (l8a) the following equation is obtained,

( a) AA r pal(a r
l

)M r = M o 1-- +-In-+- ---
r r a 6 r a2

Integration of equation (l6) with M r = Me gives

p~r~a. (24)

(25)

where B is a constant of integration. Equations (17) and (21) may be expressed in the form

A. d ( dW)A(Ke+Kr) = (Mr-Mo) = -- - r-
r dr dr
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which, combined with equation (25), gives

_~ ~(rdW) = _pr
2

+B-Mor dr dr 4

and integration and the condition (18c) give

(
pr4 Br2 M or2

)
W.Ie = ---+-- +C

64 4 4

where C is a constant of integration. Since M r and M8 are continuous at r = p,

1 2 .leA
--pp +B = -+Mo4 p

and

1 2 (a) .leA p pa2(a p2)--pp +B = M o 1-- +-In-+- ---
4 p p a 6 p a2

consequently

(26)

(27)

(28)

Equations (22), (26), (27) and (28) and the requirement that dw/dr be continuous at r = p
give

(29)

where IX = pia and f3 = 6M0lpa2= Pclp < 1. For flow of a viscous plate with M 0 = 0,
f3 = 0 and IX = 0·8056. For a rigid plastic plate, loaded with the collapse load PC' f3 = 1
and IX = O. Consequently 0 < IX < 0·8056 for visco-plastic flow.

The following expressions for the moments are obtained from equations (23), (24),
(25), (27) and (28),

(30)

(31)

The deflection rates are obtained from equations (22) and (26) and the condition w is
continuous at r = p and are

(32)
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(33)0::;; r::;; p.WA 3 ( r4
(1.2 r2 )-- = - 8(1.3+_-6---3(1.4

Adoa2 32P a4 a2

Equations (30), (31), (32) and (33) with equation (29) are a solution to the problem and are
in a convenient form for numerical computation. It may be verified that the parameter t
in equation (21) lies between 1 at r = p and o·5 at r = O.

Appleby and Prager [8] solved the problem but used a different flow rule based on the
linearization suggested by Prager [6].

CONCLUDING REMARKS

The theory presented in this paper can be extended to consider "(risco-plastic solids
that have the following property. Ifa quasi-linear viscous liquid, a perfectly plastic von Mises
solid, and the visco-plastic solid are subjected to the same strain rate, the stress in the
visco-plastic solid is the sum of the stresses in the quasi-linear liquid and the von Mises
solid. The complementary function and constitutive equations of the quasi-linear liquid
are given by equations (4) and (5), respectively. For the visco-plastic solid the complementary
function is

Ee = f(c/J) (34)

(35)

where f(c/J) denotes a function of c/J and c/J = «(.JJ) - K)2 and the constitutive equations
which may be found by applying (lb) are

eij = {!'(c/J)} (1---p)Sij'
This visco-plastic solid described by equations (35) may be a realistic model for certain

real solids ifthe functionfis suitably chosen, but the complexity ofthe constitutive equations
(35), even for the special case withf(c/J) = c/J/2J1 already discussed, makes their application
impractical except for trivial problems. However if the complementary function (34) is
replaced by

where

c/Jt = (1/3)(umax-umin-2k)2

some non-trivial problems, including the uniformly loaded simply supported plate problem,
can be solved iffis a power function or an exponential function. Venkatraman and Hodge
[5] used a similar theory to analyse creep of circular plates but did not use the concept of
the complementary function. A creep theory can be obtained from a visco-plastic theory
by letting the yield stress be zero.
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Resume-Une linearisation des equations d'un solide incompressible visco-plastique est obtenue d'une fonction
complementaire basee sur la condition de rendement de Tresca. Le taux de deformation est donnee par la
linearisation et est independante du principe intermediaire de tension. Une analyse de la flexion d'une plaque
circulaire simplement supportee est donnee camme application.

Zusammenfassung-Eine lineare Darstellung der Zustandsgleichungen fUr nichtzusammendriickbare Festk6rper
wird erhalten, von der Komplementarfunktion die auf der Tresca'schen Fliessbedingung basierl. Die Spannungs­
werte der linearen Darstellung sind unabhangig von der Zwischenspannung. Eine Analyse der Biegung einer
einfach gestiitzten Platte wird als Anwendungsbeispiel gegeben.

A6cTpaKT-noJlY'feHa JIImeapH3al.\HlI KOHCTHTyTHBHbIX ypaBHeHHH ,l\JllI HeCJKHMaeMOro B1I3KO-TIJIaCTH'fHOrO
TBep,l\oro TeJla H3 'faCTHOro peIlIeH1U1 HeO,l\HOpO,l\HOrO JlHHeHHOro ,l\H<!J4JepeHl.\HaJlbHOrO ypaBHeHHJI',
OCHOBaHlloro lIa YCJlOBHH TeKy'feCTH TpecKa (Tresca). CKOpOCTH ,l\e<!JopMal.\HH, ,l\aBaeMble JlHHeapH3al.\HeH­
He1aBHCHMbi OT npOMeJKyTO'fHOro rJlaBHOrO ,l\aBJleHHlI. AHaJlH3 H1rH6aHHlI CBo6o,l\HO onepTo/{ KpyroBOH
nJlaCTHHbl ,l\aeTClI, KaK npHJlOJKeHHe.


